We explore a C-theorem in defect conformal field theories (DCFTs) that unify all the known conjectures and theorems until now. We examine as a candidate C-function the additional contributions from conformal defects to the sphere free energy and the entanglement entropy across a sphere in a number of examples including holographic models. We find the two quantities are equivalent, when suitably regularized, for codimension-one defects (or boundaries), but differ by a universal constant term otherwise. Moreover, we find in a few field theoretic examples that the sphere free energy decreases but the entanglement entropy increases along a certain renormalization group (RG) flow triggered by a defect localized perturbation which is assumed to have a trivial IR fixed point without defects. We hence propose a C-theorem in DCFTs stating that the increment of the regularized sphere free energy due to the defect does not increase under any defect RG flow. We also provide a proof of our proposal in several holographic models of defect RG flows.
Introduction
Understanding the dynamics under a renormalization group (RG) flow is central to the studies of quantum field theories (QFTs). Among the most challenging problems is proving the irreversibility of the RG flow, which is quantitatively guaranteed by the existence of a monotonically decreasing function C(λ) interpolating between two theories parametrized by a set of coupling constants λ = (λ 1 , λ 2 , · · · ) in the theory space. A C-function is regarded as a measure counting the effective degrees of freedom in QFT, and the monotonicity, called the C-theorem, provides non-perturbative constraints on the RG dynamics that are inaccessible by other means.
A typical class of RG flows is a deformation of a conformal field theory (CFT)
by a relevant operator O of dimension ∆ ≤ d, which triggers a flow from the UV CFT to another CFT at the IR fixed point. In d = 2, there exists a C-function that decreases under the RG flow monotonically and coincides with the central charges at the conformal fixed points [1] . In higher even dimensions, the type A central charge of the conformal anomaly is speculated to be a C-function [2] [3] [4] , and a proof has been established in d = 4 [5] . On the other hand, there are no conformal anomalies in odd dimensions, but it was conjectured that the sphere free energy F ≡ (−1) (d−1)/2 log Z[S d ], defined by the conformal invariant partition function Z[S d ] of CFT on a d-sphere, be monotonic under any RG flow [6, 7] . The conjecture has been extended to continuous d dimensions as the generalized F -theorem [8] by interpolating between the type A anomaly in even d and the sphere free energy F in odd d, resulting in the statement that (the universal part of) the quantitỹ
is positive and does not increase along any RG flow
This is one of the most general C-theorems proposed in arbitrary dimensions so far. 1 Another approach to establishing a C-theorem is to use the entanglement entropy across an entangling surface Σ dividing the spacial slice into two regions at a constant time. In d-dimensional QFTs, the entanglement entropy takes the following general form, where R is a typical size of the entangling region and R is the UV cutoff . When the theory is conformal and Σ is spherical the constants a log , a 0 are universal in the sense that they are independent of the regularization scheme (i.e., the choice of the UV cutoff ), and are conjectured to be C-functions in even and odd dimensions respectively [3, 4] . This entropic version of the C-theorem looks quite different from the generalized F -theorem based on the sphere free energy (1.2), but the two statements turn out to be the same due to the striking relation 5) which holds, as the superscripts indicate, for CFT with a spherical entangling surface up to UV divergences [10] . This equivalence is actually the key to proving the F -theorem in d = 3 [11] where the monotonic property of entanglement entropy was adapted to show the monotonicity of a function built from the entanglement entropy across a sphere [12] which interpolates the sphere free energies at the UV and IR fixed points. Extending the proof in d = 3 (and d = 2 [13] ) to higher dimensions was attempted in [14] , which amounts to a different monotonicity theorem from (1.3) in d > 4 (see also [15] ). It still remains open whether the F -theorem (1.3) in higher dimensions follows from the quantum inequality of a certain entanglement measure. Instead of going to higher dimensions one can introduce a boundary to the spacetime or extended objects called defects to QFTs, and ask if a certain type of C-theorems remain to hold even in such cases. In the former case, a partial answer to this question is known as the g-theorem in two-dimensional boundary CFTs (BCFTs) [16, 17] , which states that the g-function, the constant term of the thermal entropy independent of the system size, monotonically decreases under a boundary RG flow, an RG flow triggered by the relevant perturbation localized on the boundary. The g-theorem also has an alternative proof that relies on the equivalence of the g-function and the boundary entropy, the difference of the entanglement entropies between BCFT and CFT, 6) at the conformal fixed point. The monotonicity of the g-function is shown to follow from the positivity of the relative entropy [18] . In higher-dimensional BCFTs, there are several proposals for g-functions, the hemisphere partition function (the boundary F -theorem) [19, 20] , the boundary entropy [21] and the holographic g-functions [22] [23] [24] with varying degrees of evidences. 2 The first two proposals are not independent but the same statement as an analogous identity to (1.5) holds for BCFT. 3 Moving onto the case with defects we focus on d-dimensional defect CFT (DCFT) with a planar or spherical conformal defect of dimension p that we denote by D (p) preserving the maximal subgroup of the conformal group. In this case, less is known for C-theorems except a rigorous result for two-dimensional defects or boundaries [27] . This is called the b-theorem stating the monotonicity of the coefficient b of the Weyl anomaly on the submanifolds of dimension p = 2
(1.7)
When the ambient spacetime is three-dimensional (d = 3), the b-theorem implies the gtheorem in BCFT 3 . For d > 3 it yields a class of C-theorems in DCFTs. See table 1 for the summary of the current status.
In this paper we explore a C-theorem in DCFTs with defects of various dimensions. Namely we want to establish a monotonically decreasing function under a defect RG flow triggered by relevantly perturbing a DCFT
(1.8)
An important guiding principle for the search is that the candidate C-theorem should reproduce all the known conjectures and theorems in the appropriate limits. We are then left with two possibilities, the defect free energy, the additional contribution to the sphere free energy from the spherical defect log D (p) = log Z (DCFT) − log Z (CFT) , (1.9) or the defect entropy, the increment of the entanglement entropy across a sphere due to the planer defect 4 S defect = S (DCFT) − S (CFT) .
(1.10)
These are expected to count the degrees of freedom on the defect, but have UV divergent terms that need to be regularized and renormalized so as to be a well-defined C-function.
After the regularization we find the resulting quantities are universal, i.e., do not depend on the regularization scheme when evaluated at the conformal fixed point. Reminding the relation (1.5) one may suspect a similar identity holds between the defect free energy and the defect entropy. Indeed they are equivalent up to UV divergences when p = d − 1, but differ by a term fixed by the one-point function of the stress-energy tensor for p < d − 1. Their precise relation is derived in (2.48) by using the conformal transformation known as the Casini-Huerta-Myers (CHM) map [10, 28] .
We study a variety of examples of DCFTs and the holographic models with the hope of finding defect RG flows that exclude the possibility of one of the two being a C-function. Most of our field theoretic examples are DCFTs with line defects and we assume that the theories are connected to the trivial fixed points, i.e., the ambient CFTs without defects by certain defect RG flows. We find several examples where the defect free energy decreases but
g-theorem Proof [17, 18] b-theorem Proof [27] bdy F -theorem Proposal [19, 20] the defect entropy increases along the flow. On the other hand both of them always decrease in all the holographic models we study. These observations therefore lead us to propose a C-theorem in DCFTs stating that the universal part of the defect free energỹ 11) decreases along any defect RG flowD
The more precise statement is presented around (3.2) . Note that this should be seen as the counterpart to the generalized F -theorem (1.3) in CFTs. In fact it reduces to the generalized F -theorem on the defect when the defect theory decouples from the ambient theory. Moreover our proposal unifies the higher-dimensional g-theorems and the b-theorem for p = d − 1 and p = 2 respectively, and asserts a new family of C-theorems otherwise (see table 1 for the summary). While we demonstrate a few field theoretic examples as supporting evidences for our conjecture, we are able to provide a holographic proof under the assumption of the null energy condition in several holographic models of defect RG flows. We suspect our conjecture may be proven at least for p = 1 by suitably extending the argument of [18] for the entropic proof of the g-theorem.
The organization of this paper is as follows. In section 2, we review the CHM map in DCFTs and discuss the structures of and the relation between the defect free energy and the defect entropy. In section 3, we propose to use the universal part of the defect free energy as a C-function. We then test our proposal with several examples of DCFTs. In section 4, we consider various holographic models of DCFTs and give a holographic proof of our conjecture. Finally section 5 is devoted to conclusion and discussion. Appendix A summarizes our notation. In appendix B we consider the relative entropy between DCFT and CFT as another measure and show the equivalence to the defect free energy.
Sphere partition function and entanglement entropy in DCFT
In this section we consider two quantities: the defect free energy and the defect entropy. The former is the increment of the sphere free energy from a conformal defect in DCFT while the latter is the additional contribution to the entanglement entropy of a spherical region. To set the stage, we begin with reviewing the implication of defects for the correlation functions in DCFT. We then turn to describing the conformal transformation known as the CHM map which relates the entanglement entropy of a spherical region to the thermal entropy of DCFT on a hyperbolic space. With this relation we derive a formula expressing the defect entropy by the defect free energy and the one-point function of the stress-energy tensor. The structure of the UV divergent terms is also discussed for the defect entropy and the defect free energy to identify their universal parts independent of the regularization scheme.
Defect CFT
Defects collectively stand for non-local operators in QFT as exemplified by Wilson-'t Hooft line operators. A certain class of defects has realizations by fundamental fields in a given QFT (e.g. Wilson lines) while some are rather defined by specifying boundary conditions around them on the fundamental fields (e.g. 't Hooft lines). One can also couple a lowerdimensional theory to a higher-dimensional theory (e.g. the mixed-dimensional QED and the D3/D5 brane model). Thus there are at least three different ways to introduce defects 5 [29] :
1. Localize the ambient fields at the location of the defect.
2. Impose a boundary condition on the ambient fields around the defect [30, 31] .
3. Introduce new degrees of freedom localized on the defect and couple them to the ambient fields.
When p = d − 1, we can instead introduce a boundary or an interface by gluing two different theories along a boundary. In this paper we restrict our attention to a special class of defects, called conformal defects, which are hyperplaner or spherical to preserve the conformal symmetry on and the rotational symmetry around the worldvolumes. Conformal defects of dimension p break the ambient conformal symmetry SO(1, d + 1) to the subgroup SO(1, p + 1) × SO(d − p), which turns out to be strong enough to constrain the correlation functions in defect CFT.
While the correlation functions of defect local operators are determined by the same argument as in CFT, there are other class of correlation functions involving the ambient operators in DCFT which can still be fixed by the residual conformal symmetry [32, 33] . In particular, the one-point function of an ambient operator does not necessarily vanish in DCFT.
To illustrate this point in detail, let us consider a (p-dimensional) planer defect in R d and the stress-energy tensor. The metric is then divided into the parallel and orthogonal components:
First, we deal with the cases 1 and 3 in the aforementioned classification. Assuming DCFT has a Lagrangian description, the Lagrangian consists of the ambient part and the defect part,
In the case 1, the defect part is absent, but a defect operator D (p) should be inserted in evaluating correlation functions [33] O
We are then allowed to regard − log D (p) as the defect part in the action. In either case the stress-energy tensor follows from the partition function Z (DCFT)6
It will be useful to split it into the ambient part T µν CFT and the defect localized part t µν
t µν contains the contribution from the response to the induced metric [33] 
is the delta function localized on the worldvolume of the defect and B ab and C abi are defined by the variation of the defect action (see [32] [33] [34] for the detail). In what follows, we ignore the higher derivative terms of the delta function as they vanish for the planar defect. While the conservation and tracelessness of the ambient stress tensor are violated in the presence of the defect, T µν DCFT is traceless and partially conserved
These relations hold as the operator identities in DCFT.
In contrast to the cases 1 and 3, the Lagrangian and the stress-energy tensor in the case 2 are the same as those in CFTs without a defect. However, a careful treatment is required in evaluating the one-point function of the stress-energy tensor as we will discuss later on. Now consider the one-point function of the ambient stress-energy tensor, T CFT . T CFT is a symmetric traceless tensor of dimension d and spin 2, hence the residual conformal symmetry completely fixes the form of the correlator
where a T is a constant characterizing the defect. 7 While the one-point function does not vanish in general, T µν CFT = 0 for p = d − 1, including interface CFT and BCFT, as seen from (2.8). More generically, the one-point function of the ambient operator with non-zero spin vanishes in BCFT and DCFT with a defect of dimension d − 1 [32, 35, 36] .
Furthermore, the one-point function of t µν vanishes
This is seen by writing t µν as 10) and define the defect stress-energy tensort ab (x), which is a defect local operator of dimension p whose vev must be zero due to the invariance under the translation, rotation and scale transformation on the defect. When p is even there exist conformal anomalies (the Graham-Witten anomaly [37] ), but we assume the dimensional regularization for both d and p so as to avoid them in the rest of this paper. 7 Our aT is −aT in [33] . 
CHM map
In the rest of this section, we are concerned with the entanglement entropy across a sphere in defect CFT d . To this end, it is convenient to adopt the polar coordinates of the flat space
where η µν = diag(−, +, · · · , +) and the entangling surface Σ is a (d − 2)-dimensional hypersphere of radius R located at t = 0 time slice:
We want to introduce a conformal defect D (p) of dimension-p respecting the subgroup SO(2, p)× SO(d − p) of the conformal group SO(2, d). Conformal defects are either planer or spherical, and we choose D (p) to be a hyperplane, Figure 1 shows our setups for p = 1 and
Using the replica trick, the entanglement entropy across Σ amounts to the calculation of the partition function on the branched cover M n of R 1,d−1 . It is most easily performed with the inverse transformation of the CHM map [10, 28] 
The resulting space is conformally flat with the metric, 15) with the conformal factor,
.
After the conformal transformation, the causal domain r ± t ≤ R for the entangling region maps to the (right) Rindler wedge x ± ≡ x 1 ± x 0 ≥ 0, and the light cones r + t = R and r − t = R on the boundary of the causal domain are mapped to the Rindler horizons,
The entangling surface is mapped to the origin in the x 0 -x 1 plane, 18) while the defect is mapped to the hyperplane,
Hyperbolic coordinates Introducing the new coordinates, 20) the Rindler space becomes 21) which is conformally equivalent to R × H d−1 parametrized by τ and a hyperbolic space of unit radius, 22) in the Poincaré coordinates,
In these new coordinates, the entangling surface and the defect are located at 9
For later convenience, we introduce the global coordinates of H d−1 by
where
i=p e 2 i = 1. The resulting metric for R × H d−1 takes the form 26) where the entangling surface and the defect are situated at
de Sitter × hyperbolic coordinates We will make one more coordinate transformation sinh x = cot θ which takes us from (2.26) to another coordinate system,
where the static patch of the de Sitter space is employed,
with 0 ≤ θ ≤ π/2. The entangling surface and the defect are mapped to
Sphere partition function and defect entropy
We have shown the flat spacetime is conformally equivalent to both R × H d−1 in (2.26) and the de Sitter × hyperbolic space in the static patch (2.29). In Euclidean signature, the former becomes
by Wick rotation τ → i τ while the de Sitter subspace in (2.29) becomes a sphere in the latter case,
The position of Σ in the τ direction is ambiguous as the τ circle shrinks at z = 0. We thus choose a reference point at τ = 0.
x τ x = 0 with the ranges 0 ≤ θ ≤ π/2 and 0 ≤ τ < 2π.
The entangling surface and the defect are located at
in the former (see figure 2 ) and
in the latter. It is obvious from (2.32) that the defect located at θ = π/2 is a subspace
Recalling the definition of the Rényi entropy in the replica trick,
the calculation of entanglement entropy ends up with knowing the partition function Z[M n ] on the n-fold cover M n . For a spherical entangling region in CFT, the n-fold cover is conformally equivalent to the n-fold cover S 1 n × H d−1 along the τ coordinate of the space (2.31),
with the range 0 ≤ τ < 2π. If there are no conformal anomalies, the partition function is invariant under the conformal map,
Hence the Rényi entropy across a sphere in CFT is given by,
Now we consider a defect CFT with a conformal defect D (p) of dimension-p for p ≤ d − 2 and defer the discussion for p = d − 1 to the end of this subsection. We then define the defect entropy by the additional entanglement entropy due to the existence of D (p) :
The Rényi entropy S (DCFT) n in DCFT is defined in a similar manner to the Rényi entropy in CFT, which takes the same form as (2.38) for a spherical entangling region:
Hence it is more efficient to rewrite the defect entropy as
We also denote
1 to simplify the notation. Note that for CFT the sphere entanglement entropy equals to the partition function on a conformally flat space up to UV divergences [10] , 10
In order to derive a similar relation for the defect entropy, we expand the partition function
where δg τ τ = (n 2 − 1). Since · · · are terms of order (n − 1) 2 which do not contribute to the entanglement entropy we obtain
We will call the first term in the right hand side the defect free energy, which can be written by the sphere free energy,
if there are no conformal anomalies. After the conformal transformation, the defect which was originally planer on flat space is mapped to a spherical defect on S d (see figure 3 ). When located on a point away from the defect the one-point function of the stress-energy tensor in DCFT is fixed on S 1 × H d−1 by imposing the conformal symmetry, tracelessness and conservation law to the following form:
where a T is the same as the one in (2.8). In principle the defect localized term could appear in (2.47), but such a term vanishes due to (2.9) when DCFT has a Lagrangian description. If the defect is defined as a boundary condition for the ambient fields, there is no defect localized part in the stress tensor, but the boundary condition still affects the ambient stress tensor in the same way as (2.47).
In evaluating the one-point function of the stress tensor integrated over S 1 × H d−1 in (2.45), one needs a regularization for the UV divergence arising from the integration near the defect. We follow the prescription employed by [30, 39] and remove the tubular neighborhood of a defect in flat space whose boundary is R p × S d−p−1 , on which we impose a boundary condition for the ambient fields. After performing the CHM map, this regularization amounts to restricting the integration range of x to ≤ x < ∞ for a small parameter and sending → 0 in the end. This prescription makes it manifest that there are no contributions from the defect localized term in the stress tensor. Expanding in the small one can read off the constant part of the integral, but a more illuminating way is to use the dimensional regularization in d after setting = 0. The two methods agree on giving the same universal constant.
In either way one can evaluate the integral in (2.45) with only the ambient term of the stress tensor (2.47) and derive the universal formula for the defect entropy:
In a DCFT with a conformal defect of dimension p ≤ d − 2 the defect entropy of a 10 See, however, [38] where a variant of conformal anomalies was observed even in odd d dimensions.
spherical entangling surface is given, up to UV divergence, by
This is one of our main results. This formula is seen as a generalization of the result for p = 1 [39] . For clarifying the validity of this formula, a few comments are in order:
• In deriving (2.48), we assume (i) there are no conformal anomalies, i.e., we consider DCFTs in continuous dimensions,
(ii) the n-dependence is only through the metric, (iii) the metric is coupled to the conformal stress-energy tensor.
The last two assumptions should be regarded as the "choice" of the Rényi entropy in QFTs, and may vary depending on the situation. For instance, one can choose a boundary condition around the entangling surface so as to respect supersymmetry [40] . Then the n-dependence is not only through the metric, but also arises from the background fields of supergravity.
• The one-point function of the stress tensor in (2.47) is renormalized and the identity holds up to UV divergences that can be removed by counterterms to a background gravitational theory. Hence (2.48) holds only up to UV divergences.
• There are Graham-Witten type conformal anomalies [37] for p even, which is manifest in (2.48) as a pole of the sine function and produces the logarithmic divergence.
In the case with p = d − 1 there are two types of theories, BCFTs and the others, depending on whether they are defined on a manifold with boundary or not. For BCFTs we should define the boundary entropy by
As seen from (2.8) the residual conformal symmetry SO(1, d) restricts the one-point function of the ambient primary operators of non-zero spin to zero. This is also seen in (2.48) for
It is straightforward to repeat the same argument as before for BCFTs, and we are led to the results:
In a DCFT with a conformal defect of dimension d − 1 the defect entropy is given, up to UV divergence, by
In a BCFT, the boundary entropy is given, up to UV divergence, by
These are the special cases of the universal formula (2.48) for the defect entropy. In BCFT, the defect free energy is given by 52) while in an interface CFT consisting of two theories CFT + and CFT − we define
UV divergence
We turn to specify the structure of the UV divergences in the defect free energy and defect entropy. First we note that the defect free energy should be considered as a functional of the background ambient metric and the induced metric on a defect. In a local QFT, the UV divergent terms in the vev of a defect operator should consist of local diffeomorphism invariant functionals of the metrics on the worldvolume of the defect. From the dimensional ground, the most general effective action for the defect vev takes the following form (see e.g. [41, 42] ) 54) whereR is the Ricci scalar of the induced metricĝ, R is the UV cutoff and a i are dimensionless constants. The · · · terms are subleading UV divergent terms built out of the Riemann curvature of the induced metric and the even power of the extrinsic curvatures. 11 For instance, the order of 1/ p−2i divergent term roughly takes the form a p−2i 55) whereR l K 2m are scalar polynomials of the Riemann curvatures and the extrinsic curvatures on the defect of order l and 2m respectively. There are only power law divergences in odd p dimensions while one can construct dimension p invariants out ofR and K such as the Euler density and there is an additional logarithmically divergent term log . 12 Applying (2.54) to the defect free energy on a sphere, we find the structure of the UV divergences depending on the dimensionality of the defect,
(2.56) 11 The odd powers of the extrinsic curvatures can be added if the defect operator has the orientation specified by the normal vectors as in BCFT and ICFT. We thank Chris Herzog for pointing this out to us. 12 There are also additional logarithmic divergences for odd p in BCFTs [43] [44] [45] [46] .
Here the sign factors in front of B and D are chosen so that they are non-negative. It follows from this structure that the coefficients c i (i = p, p − 2, · · · ) of the power law divergences depend on the choice of the UV cutoff and are regularization scheme dependent while the constants B and D are invariant under the rescaling of , hence be scheme independent. The universal constant B is an analog of the type A central charge of the conformal anomaly which can be read off from the sphere partition function in CFT. It is also known as the Graham-Witten anomaly [37] . Similarly D is an analog of the sphere partition function that is expected to measures the degrees of freedom in CFT [8, 47] .
On the other hand, the UV divergent terms of the defect entropy is also inferred from the generic structure (2.54) with the standard argument of the replica trick [42, 48] , resulting in milder divergences than the defect free energy:
where B and D are universal constants different from B and D in general. The same UV structure was also observed in a few holographic calculations in [21] , where the universal constants B and D were speculated to be C-functions in DCFTs.
In the rest of the paper, we will study several examples in field theories and holographic models, and examine to what extent the universal constants B, D and B , D are a good measure of degrees of freedom under a defect RG flow.
Proposal for a C-theorem in DCFT
Now we have two candidates for a C-function in DCFT, the universal parts of the defect entropy and the defect free energy, both of which are natural counterparts of the C-theorem in CFT employing the entanglement entropy across a sphere or equivalently the sphere free energy as a C-function [3, 4, 6, 7, 10] . The universal constants B, D in (2.56) should be regarded as analogs of the type A central charge and the sphere free energy in CFT while the universal constants B , D in (2.57) differ from B, D due to the relation (2.48). To incorporate the b-theorem correctly we propose that the universal part of the defect free energy be a Cfunction in DCFT:
Conjecture. In DCFT d with a defect of dimension p, the universal part of the defect free energy (2.46) defined byD
does not increase along any defect RG flow
Notice that we take the absolute value | D (p) | to define the universal part. This is because there is a phase ambiguity in D (p) such as the framing anomaly in the ChernSimons theory which should be removed to extract the universal part as we will encounter in section 3.2
As seen from the relations (2.51) and (2.52), our conjecture includes, as a special case, the statement that the universal part of the boundary entropy defined bỹ
does not increase along any boundary RG flow in BCFT d . Our conjecture is the most general one in the sense that it is consistent with all the proposals stated in literatures as we will show momentarily.
We multiply sin(πp/2) to the defect free energy to interpolate between B for even p and D for odd p smoothly in the dimensional regularization as in the generalized F -theorem [8] . Compared with the UV divergent structure (2.56),D is nothing but the universal part of the defect free energy for odd pD
while one finds a more nontrivial relation for even p
When p is odd, our conjecture states the monotonicity of the constant universal term,
For BCFT 2 , this is just a weak form of the g-theorem [16] [17] [18] . For BCFT d with d ≥ 3, a similar conjecture was proposed by [19, 20] and examined holographically in [21, 24] . For d ≥ 3 and p ≤ d − 2, our proposal states a new one. When p is even, our assertion derives
which was speculated to hold in d = 3 based on the studies of the holographic models of BCFTs and ICFTs [19, 21] . For p = 2, this is equivalent to the b-theorem [27] stating the monotonicity
of the universal coefficient b of DCFT appearing in the trace of the stress-energy tensor on the defect 13
cĝab /2 is the traceless part of the extrinsic curvature for the normal vector n 10) which fixes the logarithmic divergent term
where we recover the UV cutoff to make the argument of the logarithm dimensionless. Hence compared with (2.56) we find
In total, our conjecture not only unifies all the previous ones known to us, but also generates a new family of C-theorems in DCFTs with higher-codimensional defects. We will provide a number of results in support of the conjecture in a variety of concrete examples in the following sections.
Conformal perturbation theory on defect
To examine the validity of our conjecture, we first consider the conformal perturbation theory of DCFT on a sphere, which is a straightforward extension of the works for CFT on a sphere [2, 7] and BCFT on a hemisphere [19, 20] . Since the calculation is exactly the same as the ambient case, just replacing the ambient dimension d with the defect dimension p, we will only give the outline.
We locate DCFT on a sphere of a radius R and perturb the theory by a defect relevant operatorÔ,
Let the conformal dimension ofÔ be∆ = p − and take be very small so that a nontrivial fixed point can be reliably studied within the perturbation theory. Introducing the dimensionless renormalized couplingλ that is related to the bare couplingλ 0 bŷ
14)
14 One can showK (α) ab = 0 by mapping the ambient sphere and the two-sphere to flat space and a two-sphere and computing the extrinsic curvatures asK
ab is conformal covariant [49] . the beta function is given by [2, 7] 
whereĈ is the coefficient appearing in the three-point function of defect local operators evaluated at the unperturbed DCFT
Hence ifĈ > 0 the theory flows to a nontrivial IR fixed point at
The difference of the sphere partition function is calculated perturbatively
19)
Written in terms of the renormalized coupling, one finds [7] δ log Z(λ) = 2π p+1 sin(πp/2) Γ(p + 1)
Thus the difference between the universal part of the defect free energy at the IR fixed point (3.17) and that at the UV fixed point is
which is negative as consistent with our conjecture.
Wilson loop as a defect operator
Next we test our proposal for p = 1 using a circular Wilson loop operators
We assume that the gauge group is SU(N ) and R is a representation of SU(N ) for a moment. The Wilson loop can be regarded as an action localized on the defect in the following way [50, 51] . 15 First we consider fermions localized on the defect and coupled to the gauge field,
where χ a is in the fundamental representation of SU(N ). Then, the partition function on the defect,
is equivalent to the Wilson loop up to a normalization factor 26) where the representation R in the Wilson loop depends on whether χ are fermions or bosons. When χ are fermions (bosons), R is the q th anti-symmetric (symmetric) representation of SU(N ). Given this description, the defect theory can flow to the trivial theory without fermions, or equivalently 27) under the mass deformation
by sending M to the infinity. In what follows, we assume that any Wilson loop has a realization as a defect theory and there exists a defect RG flow whose IR fixed point is a trivial theory without loops. Under this assumption, our conjecture amounts to the inequality
We will provide evidences for our assertion by working out a few examples.
U(1) gauge theory in 4d
Our first example is the Wilson loop in a four-dimensional U(1) gauge theory
The defect free energy is given by 31) which is seen to be positive while the defect entropy vanishes [39] S defect = 0 .
It is expected that the Wilson loop becomes trivial under a defect RG flow, 33) so this is consistent with our conjecture. On the other hand, the defect entropy vanishes at both the UV and IR fixed points. Hence, the defect entropy does not appear to capture degrees of freedom on the defect.
Free scalar field in 4d
The next example is a scalar Wilson loop in four dimensions [30] 
The defect free energy is computed by evaluating the Gaussian integral, and shown to vanish
Reassuringly this result does not contradict with our assertion. On the other hand, the defect entropy is given by [39] 
which can be negative for real λ at the UV fixed point while it is supposed to be zero at the IR fixed point. Thus this is a counterexample for the defect entropy being a C-function.
Chern-Simons theory
As a more nontrivial example, let us consider Wilson loops in the Chern-Simons theory in three-dimensions 16
For SU(2) with level k, the Wilson loop in the representation R j is labeled by the dimension j = 1, · · · , k + 1, whose vev on S 3 is [54, 55] 38) which is greater than or equal to one. More generally the vev of a Wilson loop in an arbitrary representation R j on S 3 is given by [54] 
where S i,j is the matrix element of the modular group S-matrix. The vev or d j is called the quantum dimension of R j , which is known to be greater than or equal to one [56] (and see also Appendix C in [57] ),
This is consistent with our conjecture. Note that the defect entropy is also given by
as the stress tensor vanishes in Chern-Simons theory. 
For the fundamental representation, the exact result of the defect free energy is known [61] log
where L m n (x) is the associated Laguerre polynomial. In the small λ region we find the expansion 44) which is seen to be positive for any N and small λ. One can indeed check numerically it is always positive for any N and λ (see the left panel in figure 4 ). On the other hand, the defect entropy can be calculated from the defect free energy through the relation [39] 
Then we find that the entropy is not necessarily positive in the small λ limit (see also the right panel in figure 4 )
This example also serves as a supporting evidence for our conjecture and a nontrivial counterexample for the defect entropy being a C-function. 
with a constant parameter ζ. It is supersymmetric only when ζ = 1 and reduces to the standard Wilson loop when ζ = 0. The ζ-dependent term is a weakly relevant perturbation on the loop, which triggers an RG flow from the standard Wilson loop at the UV fixed point to the 1/2-BPS Wilson loop at the IR fixed point. This flow has been studied extensively by [63] at both week and strong coupling λ in the large N limit. At weak coupling, one finds [63] log 48) which is consistent with our conjecture, 18 log W (0) > log W (1) .
On the other hand, the defect entropy calculated by (3.45) 19
increases along the flow,
Our conjecture is also consistent with the strong coupling result in [63] . 18 We thank Simone Giombi and Arkady Tseytlin for informing us of their relevant work. 19 The formula (3.45) works only at the fixed point, hence this is not the defect entropy of the generalized
Wilson loop unless ζ = 0, 1. • an RG flow from the k fundamental representation to the anti-symmetric representation,
RG flows interpolating between various representations
• an RG flow from the symmetric representation to the k fundamental representation.
These flows are constructed holographically by D-brane probes, which allow us to calculate the defect free energies and the defect entropies in the N → ∞ limit with k/N fixed at strong coupling. It is shown that the defect free energies decrease in both cases while the defect entropy increases in the latter [64, 65] .
1/6-BPS Wilson loop in ABJM
There is the 1/6-BPS Wilson loop in the fundamental representation of the ABJM theory in three dimensions with gauge groups 53) where Z is the partition function
(3.54)
Performing the integral exactly is quite difficult in general, but it is straightforward for N = 1,
This is seen to be greater than or equal to one for m = 1 and any k, hence consistent with our conjecture.
The defect entropy can be read off from the vev of the winding Wilson loop by the formula
which is derived in [39] using the supersymmetric Rényi entropy [40] . Substituting (3.55) into (3.56) we find
which is always negative for positive integer k.
In the large N limit, the matrix model reduces to the integral [66] 
where 59) and
In the small λ limit, we find the vev of the fundamental Wilson loop [66] 21 61) and the defect entropy [39] 
both of which are dominated by log N , hence positive. They are also increasing functions for λ large enough.
U(N ) N = 4 SYM with N f hypermultiplets in 3d
Wilson loops in three-dimensional N = 2 supersymmetric theories are defined by
where σ is the adjoint scalar field in the vector multiplet. 21 The explicit expression for the Wilson loop valid for any λ in the large N limit was obtained in [67] .
As a concrete example, consider the Wilson loop in U(N ) N = 4 supersymmetric gauge theory with N f hypermultiplets. The partition function in this theory is given by 64) and the Wilson loop in the representation labeled by the Young diagram of the partition λ is
where s λ is the Schur polynomial. This integral can be performed exactly, resulting in the simple formula [68] ,
where λ is the conjugate representation of λ and
Then the Wilson loop in the fundamental representation becomes 68) which is greater than one when N f > 2N . This regime corresponds to "good" or "ugly" theories while N ≤ N f < 2N corresponds to "bad" theories with unitarity violating monopole operators. In the latter parameter region, the theory is proposed to be dual to the "good" theory of U(N f − N ) gauge group with N f hypermultiplet and 2N − N f additional free (twisted) hypermultiplets [69] . For a multiply-winding Wilson loop with winding number m, we replace e µ i with e mµ i in the argument of the Schur polynomial 70) which follows from the identity
With the aid of the formula (3.66) we find
It follows that the vev of the winding Wilson loop is given exactly for N = 1 by 73) and for N = 2 by
Using the expression (3.56) for the defect entropy we obtain for N = 1
which is negative for N f > 2N = 2, while for N = 2 we find
which is positive for N f > 2N = 4. We thus conclude that the defect entropy does not necessarily decrease under the defect RG flow to the trivial fixed point in this theory.
Holographic models of DCFTs
In this section we consider a class of holographic models of DCFTs where a defect RG flow is triggered geometrically by a deformation of the spacetime. After realizing the CHM map as a coordinate transformation in the bulk spacetime following [28] we calculate the defect entropy as the black hole entropy of the mapped spacetime. Along the way we point out the difference between the defect entropy and the defect free energy that is holographically given by minus the on-shell action. We then perform the holographic calculations of the defect free energy and the defect entropy in these models. Furthermore, we establish the holographic C-theorem in DCFT by imposing the null energy condition on the bulk theories, which proves our conjecture in the holographic systems we study.
CHM map and defect entropy in holography
A general metric of an asymptotically AdS space preserving the SO(2, p)×SO(d−p) symmetry of DCFT takes the following form,
For p < d − 1 the range of ρ is 0 ≤ ρ < ∞. A(ρ) and B(ρ) are arbitrary positive definite functions that have the asymptotic forms near the boundary (ρ → ∞)
For d = p − 1, ρ ∈ (−∞, ∞) and the conformal boundary sits at ρ → ±∞. The boundary spacetime of (4.1) reached by the ρ → ∞ limit is AdS p+1 × S d−p−1 , which is conformally equivalent to R × H d−1 by the CHM map as expected, but one can realize such a conformal transformation more directly in the bulk by choosing the AdS topological black hole coordinates for the AdS p+1 subspace
The resulting metric is an asymptotically AdS black hole solution with the horizon located at V = 1 and the Hawking temperature T 0 = 1/2π, 5) whose asymptotic boundary at ρ → ∞ becomes R×H d−1 of the form (2.26) up to a conformal factor
where we introduced the new coordinate x by V = coth x. Now we want to evaluate the entanglement entropy of a spherical entangling region considered in section 2 holographically. There are two ways to calculate the entanglement entropy that yield the same answer: (1) use the Ryu-Takayanagi formula of the holographic entanglement entropy [70] , (2) use the CHM map and equate the entanglement entropy with the thermal entropy.
Let us start with describing the first method. In the topological black hole coordinates (4.5) the Ryu-Takayanagi minimal surface coincides with the black hole horizon [28] , so the entanglement entropy is given by the black hole entropy
where A H is the area of the horizon
and we used the sphere volume and the regularized volume of the hyperbolic space
The defect entropy can be easily obtained in this setup. Subtracting the holographic entanglement entropy without defect given by (4.7) with A(ρ) = cosh ρ and B(ρ) = sinh ρ, one finds the holographic defect entropy
Next we want to calculate the thermal entropy for DCFT on H d−1 at finite temperature T holographically that reduces to the entanglement entropy when T = T 0 . To this end, we replace the function f (V ) appeared in the AdS topological black hole metric (4.5) with
The resulting geometry is an asymptotically AdS black hole whose boundary is R × H d−1 that the dual DCFT lives on at temperature
The thermal entropy is given by the black hole entropy 
where v ≡ 1 + 1 + p n 2 (p − 2) /p n. We can account for the difference between the defect entropy and the on-shell action in a similar manner to the field theory case. Suppose the holographic models of DCFT and CFT are described by the actions I DCFT M N is the one with A(ρ) = cosh ρ and B(ρ) = sinh ρ. The thermodynamic relation allows us to compute the defect contribution to the thermal entropy
The first term in the right hand side is the difference of the on-shell actions
Compared with the CFT result on the defect entropy (2.48), we find that the first term in (4.15) should be identified with the defect free energy while the second term corresponds to the integrated one-point function (T DCFT ) τ τ in the dual DCFT through the GKP-W relation. We note that there are some cases where I DCFT = I CFT . For example, a holographic dual of a Janus interface CFT is described by the type IIB supergravity where the Janus interface is implemented by a nontrivial profile of the dilaton field that backreacts to the metric. Hence ∆I is the difference between the same actions evaluated on the nontrivial and trivial profiles [72] .
Domain wall defect RG flow
The next example we consider is a holographic model of a defect RG flow interpolating between two fixed points described by the metric (4.1) with the defining functions A UV (ρ), B UV (ρ) at the UV fixed point obeying the boundary conditions 17) and A IR (ρ), B IR (ρ) at the IR fixed point obeying
This is the most general situation, but we restrict our attention to the RG flow with the IR fixed point characterized by
for a positive dimensionless constant . In this case the interpolating metric between the two fixed points must respect the Poincaré symmetry on and the rotational symmetry around the defect, resulting in the domain wall type ansatz 20) where w is the radial direction in Poincaré coordinate of the sliced AdS space,
We regard w as the holographic renormalization scale ranging from the UV at w = 0 to the IR at w = ∞, and impose the boundary condition 22) at the UV fixed point and
at the IR fixed point. In order to make the ansatz physically sensible in the Einstein gravity coupled to matters we impose the null energy condition for the matters
for any null vector ζ M . Choosing ζ M to be ζ w = 1, ζ t = 1 and ξ M =w,t = 0 and using the Einstein equation
we find
Since f (w) > 0 for w > 0, we obtain the inequality 27) which implies f (w) ≥ 1 for w > 0 or equivalently
In this model, it follows from (4.7) and (4.8) that the difference of the defect entropies between the UV and IR fixed points is 29) which suggests the monotonicity of the regularized defect entropy if the regularized value at the UV fixed point is positive. On the other hand, one cannot calculate the defect free energy without specifying the bulk action that allows the domain wall metric as a solution.
Hence in what follows, we consider more explicit models and examine our proposal for the monotonicity of the defect free energy.
Probe brane model
As a concrete holographic model of DCFT we consider a brane system embedded in the AdS space. In Euclidean signature, the action of the system becomes 30) where I EH is Einstein-Hilbert action with a cosmological constant 31) and I brane is a brane action
with the brane tension T p and the induced metricĜ AB on the brane. The bulk spacetime B is fixed by solving the Einstein equation with the source from the brane on Q which is anchored on the defect of dimension p on the boundary M ≡ ∂B. When the tension is small, T p L p+1 1, the brane can be treated as a probe. In this limit, the defect free energy is given by minus the on-shell action of the brane log
The on-shell action is simply the volume of the brane times the brane tension
We can similarly compute the leading contribution to the defect entropy in the probe limit. For the spherical entangling region one finds [28] S defect = 1 sin (πp/2)
It is worthwhile to pointing out that the defect entropy is proportional to the on-shell action
Moreover they coincide up to the sign when p = d − 1. This should be compared with our field-theoretical result (2.48) relating the defect entropy to the on-shell action
Comparing (4.36) with (4.37) we can read off a T for p < d − 1 in the probe brane model
In the case of a codimension-one defect (p = d − 1), the backreacted metric takes the same form as (4.1) with the range −∞ < ρ < ∞ and [28, 73] 
The defect entropy is given exactly by
It reproduces (4.35) in the probe limit ρ * → 0 (T d−1 L d 1) as expected. 22 One can read off the universal part of the defect free energy in the probe brane model 41) which is seen to be positive for T p > 0. Hence our conjecture (3.2) asserts that the brane tension must decrease under any defect RG flow. This conforms to an intuition that the smaller the brane tension is, the less the degrees of freedom live on the defect (as there are no defects when T p = 0). We will show the brane tension monotonically decreases under a defect RG flow described by a holographic model generalizing the probe brane model in the next subsection.
A holographic model of defect RG flow
We adopt a simple holographic model of defect CFT described by the same type of the action as (4.30) with I brane replaced by the action of a single real scalar field φ [22]
on a (p+1)-dimensional hyperbolic space anchored on a p-dimensional defect at the boundary of the Euclidean AdS d+1 space. We assume that the potential V (φ) is bounded from below and allows a few critical points satisfying
At each critical point φ 0 this model reduces to the probe brane model with the brane tension 44) and the defect RG flow is triggered by letting φ roll off from a local maximum to a local minimum of V (φ). Now we focus on a holographic dual of a planer defect on R d . In the Poincaré coordinates
the brane action is localized at
The worldvolume coordinates ξ A can be chosen as
Let us define a function 47) then it is easy to show T (φ) is a monotonically decreasing function with respect to r [22] ,
where we use the equation of motion of φ and the translation invariance of the solution along the defect. For the holographic RG flow interpolating between the UV fixed point φ UV and the IR φ IR , (4.48) implies that the critical value of the potential is non-increasing under the RG flow, 49) which in turn yields the brane tension is non-increasing in the probe brane model
With (4.41) in mind we find the monotonicitỹ 51) in accordance with our proposal (3.2).
AdS/BCFT model
Finally we examine the g-theorem stating the monotonicity of the hemisphere partition function of BCFTs under any boundary RG flow. The bulk AdS metric respecting the SO(1, d) symmetry of BCFT d on a hemisphere is 52) where ρ ∈ (−∞, ∞) and w ∈ (0, ∞). This metric is equivalent to the more familiar form of the global AdS space The hemisphere defined by θ ∈ [−π/2, 0] at u = ∞ is reached by the ρ → −∞ limit in the coordinates (4.52) while the other half defined by θ ∈ [0, π/2] at u = ∞ is reached by the ρ → ∞ limit. The boundary of the hemisphere at θ = 0 is reached by the w → ∞ limit for any ρ.
We locate BCFT on the hemisphere covered by θ ∈ [−π/2, 0] and construct the gravity dual following Takayanagi's proposal [19, 23, 24] by introducing the AdS boundary Q with a brane of tension T ,
where B is the bulk AdS space and M is the boundary on which the dual BCFT lives. In the present case, M is the hemisphere, B is the bulk AdS space in the coordinates (4.52) with the restricted range ρ ∈ (−∞, ρ * ), and Q is the AdS boundary at ρ = ρ * (see figure 5 ). To make the variational problem well-defined in the presence of the boundary, the Gibbons-Hawking term is introduced with the extrinsic curvature defined by 56) for the outward pointing normal vector n M . The Dirichlet boundary condition is imposed on M, but the Neumann boundary condition is chosen on Q
Since the extrinsic curvature is given by for any constant ρ surface, the brane tension is fixed to be
On-shell action at critical points
We now calculate the on-shell action of this system. Without regularization, the on-shell action diverges, To compare with the boundary entropy (2.51) we subtract half of the on-shell action I AdS of the whole AdS space without branes, which equals the on-shell action (4.60) with ρ = 0 where the brane tension vanishes,
Hence the boundary entropy (2.51) reads
We can read off the universal part of the boundary entropy from (3.3),
which can be checked numerically to be a monotonically increasing function of ρ * .
Holographic boundary entropy
We now calculate the entanglement entropy of a half ball region in BCFTs following [28] . Let r ⊥ be the transverse coordinate to the boundary and introduce the metric in the flat space
BCFTs are defined in the domain r ⊥ ∈ [0, ∞) and the entangling surface is located at the hypersurface satisfying r 2 ⊥ + r 2 || = R 2 at t = 0. The gravity dual of the BCFT is described by the hyperbolic slicing of the AdS d+1 spacetime
where ρ ∈ (−∞, ρ * ) and z ∈ [0, ∞). The holographic entanglement entropy is given by the area of the Ryu-Takayanagi surface parametrized by z(x, r || ) at t = 0, but assuming the x-independence one finds the unique semi-circle solution [28] (see figure 5 )
Then we find the holographic boundary entropy
This is equivalent to the boundary entropy (4.62) calculated by the formula (2.51) with the on-shell action as expected.
Holographic g-theorem
We shall prove the holographic g-theorem in the AdS/BCFT model by adapting the setup of [23, 24] to the present case. Since the on-shell action (4.60) is a monotonic function of the brane tension the proof amounts to showing the monotonicity of the brane tension under boundary RG flows. The strategy of the proof is in parallel with the holographic Ctheorem [74] where the null energy condition is imposed on the bulk matter field to construct a monotonic function of a bulk metric component with respect to the holographic coordinate.
In the present case, we would rather impose the null energy condition on the boundary Q for any null vector ζ M
For a boundary RG flow respecting the SO(d) symmetry on the boundary of the hemisphere, the brane configuration on Q is fixed by 
The resulting metric becomes 71) in which the outward pointing unit normal vector to Q is given by
Choosing the null vector to be
Hence the null energy condition yields the non-negativity of the function
Next we want to show the monotonicity of the brane angle ρ * . We switch to the coordinates (4.52) where the brane is located on the hypersurface
In what follows we show the derivative is non-negative
As long as the brane configuration satisfies 0 ≤ θ(u) ≤ π/2 the null energy condition implies
As the boundary condition lim u→∞ θ(u) = 0 imposes f (∞) = 0 we conclude f (u) ≥ 0 and ρ (u) ≥ 0 for u ∈ [0, ∞). The inequality (4.78) means the brane angle ρ * monotonically decreases under a boundary RG flow
where ρ UV = ρ(∞), ρ IR = ρ(0), and we interpret the coordinate u as the holographic renormalization scale as in [74] . Combined with (4.63) at the critical point, we prove the weak form of the holographic g-theoremD
Discussion
The C-theorems in BCFTs and DCFTs were proposed in various forms and one of the purposes of this paper was to organize the previous studies scattered in literatures. Along the way we found some of the conjectures turned out to be equivalent. In pursuing the unified picture of the C-theorems, we proposed that the defect free energy be a C-function in DCFTs of any dimensions with any dimensional defects. We tested our proposal both in field theory and holographic models. In field theory side, we considered Wilson loops as line defects and provided a few supporting evidences. As a by-product, we revealed that the defect entropy does not always decrease under a defect RG flow. Furthermore, we were able to prove our conjecture in various holographic models describing DCFTs. While concrete examples of the defect (boundary) RG flow in DCFTs (BCFTs) are less known so far, our conjecture has been proven as the b-theorem when p = 2 non-perturbatively [27] . Thus it is intriguing to examine if the proof of the b-theorem can be extended to the higher-dimensional cases. Also there may be an analogue of the F -maximization [75] in supersymmetric DCFTs as suggested by [20] . We leave these problems for future investigations.
The C-theorem (3.2) we propose is in a weak form, and it is reasonable to ask whether there exists a strong (or even stronger) version of the C-theorem that requires the monotonicity of the C-function along the entire defect RG flow (and the stationarity at the fixed point). For instance, the g-function in BCFT 2 built from the relative entropy is a strong C-function [18] . Hence one may hope to extend such a construction to higher dimensions and establish the strong version of our proposal. In appendix B we considered the relative entropy between DCFT and CFT for a spherical entangling region and showed the equivalence to the defect free energy via the CHM map. We further derived the inequality (B.14) from the positivity of the relative entropies, which suggests the monotonicity theorem (B.17) for the unrenormalized defect free entropy. Since the defect free energy and the relative entropy have UV divergences of the order of O( −p ) for a p-dimensional defect, (B.17) does not prove our conjecture but rather derives the monotonicity of the leading coefficient proportional to the volume, which reminds us of the area theorem for the entanglement entropy [14, 76] . It is tempting to improve this method, possibly with the monotonicity of the relative entropy, for proving the strong form of our conjecture.
In the examples we considered in section 3, we showed that the monotonicity of the defect entropy failed when the rank N of the gauge group is small. On the other hand, the holographic models correspond to the large N limit and both the defect free energy and the defect entropy decrease under the defect RG flows. If the 1/N correction is taken into account in the holographic entanglement entropy following the Faulkner-LewkoywczMaldacena procedure [77] , one may be able to observe the violation of the monotonicity of the defect entropy even in the holographic models we considered.
Coordinate In the field theory side, we split the coordinates x µ = (x a , x i ⊥ ) where
• x µ : the ambient space coordinate,
•x a : the defect worldvolume coordinate,
• x i ⊥ : the coordinates transverse to the defect.
In the holography side, we use
• X M : the bulk (AdS) space coordinates,
• ξ A : the brane coordinates.
Metric To distinguish the metrics in the ambient, defect worldvolume, bulk and brane worldvolume coordinates, we use
• g µν : the ambient space metric,
•ĝ ab = The modular Hamiltonian is non-local in general, but takes a simple form for a spherical entangling surface in CFT as it generates the translation along τ direction in the hyperbolic coordinates (2.26),
The constant part S (CFT) is fixed by taking the vev of both sides in CFT with (T CFT ) µν CFT = 0. The constant term of the modular Hamiltonian in DCFT can also be fixed by (2.42) and (2.45),
Here one must use the relation S (CFT) = log Z (CFT) that holds up to UV divergences.
To simplify the discussion, we restrict our attention to the odd-dimensional case, but it should be straightforward to generalize the following argument to the even-dimensional case. In CFT without defects, the one-point function of the stress tensor vanishes (up to a constant term) while it does not in defect CFTs. Thus we find ∆ H CFT = 
